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of the Parts, and to order in what Dire&ion and how
much is neceffary to be done.

1. Zhe Continuation of An Account of a Trea-
tife of Fluxions, &’c. Book II. &y Colin M¢
Laurin, Prof. Mathem. Edinburgh. F.R.S. ¥

Prefented March N the firlt Book, the Author defcribed
to: 1743 the Method of Fluxions, and its Ap-
plication to Problems of different Kinds, without
making ufe of any particular Signs or Chara&etrs, by
geometrical Demontftrations, that its Evidence might
appear in the moft fimple and plain Form. In the
fecond Book, he treats of the Method of Comiputa-
tion, or the Algebraic Part ; to the Facility, Concife-
nefs, and great “Extent of which, the Improvements
that have been made by this Mecthod are in great
meafure to be afcribed. In order to obtain thofe
Advantages, it was neceflary to admit various Sym-
bols into the Algebra: But the Number and Compli-
cation of thofe Signs muft occafion fome Obfcurity
in this Art, unlefs Care be taken to define their
Ufe and Import clearly, with the Nature of the
feveral Operations. An Example of this is given by
an Illuftration of one of the firft Rules in Algcbra‘.
As it is the Nature of Quantity to be capable of Aug-
mentation and Diminution, fo Addition and Sub-
firaction are the primary Operations in the Sciences
that treat of it. The polfitive Sign implics an Incre-

* See the Beginning of this Account, N° 468. p. 325.
ment,
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ment, or a Quantity to be added. The negative Sign
implies a Decrement, or Quantity to be (ubftraéted :
And thefe ferve to keep in our View what Elements
enter into the Compofition of Quantities, and in
which manner, whether as Increments or Decre-
ments. It is the fame thing to fubftralt a Decrement
as to add an equal Increment.  As the Multiplication
of a Quantity by a pofitive Number implies a repcated
Addition of the Quantity, {fo the Multiplication by a
negative Number implies a repeated Subftrattion :
And hence to multiply a negative Quantity, or De-
crement, by a negative Number, is to fubftract the
Decrement as often as there are Units in this Num-
ber, and therefore is equivalent to adding the equal
Increment the fame Number of Times; or, when a
negative Quantity is multipled by a negative Number,
the Produét is pofitive. When we inquire into the
Proportion of Lines in Geometry, we have no regard
to their Pofition or Form; and there is no ground
for imagining any other Proportion betwixt a pofitive
and negative Quantity .in Algebra, or betwixt an
Increment and a Decrement, than that of the abfolute
Quantities or Numbers themfelves. The Algebraic
Expreflions, however, are chiefly ufeful, as they ferve
to reprefent the Effects of the Operations; and fuch
Expreflions are not to be fuppofed equal that involve
equal Quantities, unlefs the Operations denoted by
the Signs are the fame, or have the fame Effe&t. Nor
is fuch Expreflion to be fuppofed to reprefent a cer-
tain Quantity; for if the 4/—7 fhould be faid to
reprefent a certain Quantity, it muft be allowed to be
imaginary, and yet to have a real Square; a way of
fpeaking which it isbetter to avoid. It denotes only,

that
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that an Operation is fuppofed to be petformed on the
Quantity that is under the radical Sign. The Ope-
ration is indeed in this Cafe imaginary, or cannot
fucceed ; but the Quantity that is under the radical
Sign, is not lefs real on that Account. The Author
mentions thofc things briefly, becaufe they belong
rather to a Treatife of Algebra than of Fluxions,
wherein the common Algebra is admitted.

In order to avoid the frequent Repetition of figu-
rative Expreflions in the Algebraic Part, the Fluxions
of Quantities are here defined to be any Meafures of
their refpe@tive Rates of Increafe or Decreafe, while
they are {uppofed to vary (or flow) together. Thefe
may be determined by comparing the Velocities of
Points that always defcribe Lines proportional to the
Quantities, as in the Firft Book ; but they may be

likewife determined, without having recourfe to
fuch Suppofitions, by a juft Reafoning from the
fimultaneous Increments or Decrements themfelves.
While the Quantity A increafes by Differences equal
to 4, 2.4 increafes by Differences cqual to 24, and
(fuppofing 7 and % to be invariablc) 7%4 increafes by

Differences equal to ”—:;‘f, and thercfore at a greater or
lefs Rate than #, in proportion as 7 is greater or lefs
than 7. Thus a Quantity may be always afligned
that fhall increafe at a greater or lefs Rate than 4,
(i.e. fhall have its Fluxion greater or lefs than the
Fluxion of 4) in any-Proportion; and a Scale of
Fluxions may be cafily conceived, by which the Flu-
xions of any other Quantitics of the fame Kind may
be meafured.

Let
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Let B be any other Quantity whofe relation to A4
can be cxprefled by any Aigebraic Form ; and while
A increates by equal fucceflive Differences, fuppofe
B to increafe by Differences that are always varyig.
In this Cafe, B cannot be fuppofed to increafe at any
one conftant Rate ; but it is evident, that if B increafe
by Diftferences that are always greater than the equal

~ . . mA
fucceflive Differences by which — increafes at the
fame time, then B cannot be faid to increafe at a lefs

Rate than ,_,‘,’_:_4; or if the Fluxion of 4 be reprefented

by #, the Fluxion of B cannot be lefs than *Zf And
if the fucceflive Differences of B be always lefs than

thofe of '%’-4, then furely B cannot be faid to in-

creafe at a greater Rate than %‘f 5 or the Fluxion of

B cannot be faid to be greater in this Cafe than ’-’if

From thofe Principles the primary Propofitions in
the Method of Fluxions, and the Rules of the dire&
Method, with the fundamental Rules of the inverfe
Method, are demonftrated. We muft be brief in our
Account of the Remainder of this Book. The Rule
for finding the Fluxion of a Power is not deduced,
as ufually, from the Binomial Theorem, but from
onc that admits of a much cafier Demonftration from
the firft Algebraic Elements, wiz. That when # is
any integer pofitive Number, if the Terms E*7,
E—*F, Er—3F?, E*—4F3, . ., . F™(wherein the In-
dex of E conftantly decreafes, and that of F'increafes
by the fame Difference Unit) be multiplied by
E—F, the Sum of the Produ@s is £~ F"; from

which it is obvious, that when E is greater than F,
then
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then A F* is lefs than zL—*X E—F but gtcater
than ni"—* % E—F.

The Ruels are fometimes propofed in a Form
fomewhat different from the ufual manncr of defcribe-
ing them, with a View to facilitate the Computa-
tions both in the dire& and inverfe Method. Thus,
when a Fra&ion is propofed, and the Numerator and
Denominator are refolved into any Falors, it is
demontftrated, that the Fluxion of the Fra&tion divided
by the Fraltion is equal to the Sum of the Quotients,
when the Fluxion of cach Falor of the Numcrator
is divided by the Facor itfclf, diminifhed by the Quo-
tients that arifc by dividing in likc manncr the Fiu-
xion of cach Faftor of thc Dcnominator by the
Fattor.

The Notation of Fluxions is defcribed in Chap. 2.
with the Rulcs of the dire& Mecthod, and the funda-
mental Rules of the inverfe Method. The latter ate
comprehended in Seven Propofitions, Six of which
relate to Fluents that are aflignable in finite Algebraic
Terms, and the Seventh to fuch as are afligned by
infinite Series. It is in this Place the Author treats
of the Binomial and Multinomial Theorems (becaufc
of their Ufc on this Occafion), and they are in-
veftigated by the dire¢t Mcthod of Fluxions. The
fame Mecthod is applicd for demonfirating other
Theorems, by which an Ordinate ot a Figure being
given, and its Fluxions determined, any other Or-
dinate and Area of the Figure may be computcd.
The moft ufeful Examples arc defcribed in this Chap-
ter, by computing the Scrics’s that ferve for detet-
mining the Arc from its Sinc or Tangent, and the
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Logarithm from its Number, and converfcly the Sine,
Tangent, or Secant, from the Arc, and the Number
from its Logarithm.

The inverfe Mcthod is profecuted farther in the
Third Chapter, by reducing Fluents to others of a
more fimple Form, when they are not affignable by
a finite Number of Algebraic Terms. When a
Fluent can be afligned by the Quadrature of the
Conic Se&ions, (and confequently by circular Arcs or
Logarithms) this is confidered as the fecond Degree
of Refolution; and this Subjeét is treated at Length.
An llluftration is premifed of the Analogy betwixt
Elliptic and Hyperbolic Sc&ors formed by Rays
drawn from the Centres of the Figures: The Pro-
perties of the latter arc fometimes more eafily dif-
covered becaufe of their Relation to Logarithms, and
lead us in a brief manner to the analogous Propertics
of Elliptic Seftors, and particularly to fome general
Theorems concerning the Multiplication and Divi-
fion of circular Se@ors or Arcs. When Two Points
are aflumed in an Hyperbola, and alfo in an Ellipfis,
fo that the Seftors terminated by the Semi-axiss and
the Two Semi-diameters, belonging to thofe Points,
arc in the fame given Ratio in both Figures, then the
Rclation betwixtthe Semi-axis and the Two Ordinates
drawn from thofc Points to the other Axis, isalways
defined by the fame, or by a fimilar Equation in both
Figures. This Propofition ferves for demonftrating
Mr. Cotes’s celebrated Theorem, as it is extended by
M. De Moivre, by which a Binomial or Trinomial
is rcfolved into its quadratic Divifors, and various
Fluents are reduced to circular Arcs and Logarithms.
The Demonftrations are alfo rendred more cafy of

the
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the Theorems concerning the Refolution of a Fraion,
that has a multinomial Denominator, into Fractions
that have the fimple or quadratic Divifors of the Mul-
tinomial for their feveral Divifors. Thefe Demon-
firations are derived from the Method of Fluxions
it(elf, without any foreign Aid ; or invariable Coefli-
cients are determined by fuppofing the variable Quan.
tity or its Fluxions to vanifh.

When a Fluent cannot be afligned by the Arcs of
Conic Seftions, it may however be meafured by their
Arcs in fome Cafes; and this may be confidered as
the Third Degree of Refolution, or the Fluents may
be called of the Third Order. On this Occafion fome
Fluents are found to depend on the Redtification of
the Hyperbola and Ellipfis, which have been formetly
efteemed of an higher kind. The Conftrution of
the elaftic Curve, with its Retification, and the Mea-
fure of the Time of Defcent in an Arch of a Circle,
are derived from Hyperbolic and Elliptic Arcs; and
the Fluents of this kind are compared with thofe of
the Firft or Second Order by infinite Series.  Becaufe
there are Fluents of higher kinds than thefe, the Tra-
jeCtories above-mentioned, which are defcribed by a
centripetal Force, that is, as fome Power of the Di-
ftance from a given Centre, when the Velocity of
the Proje&tion is that which would be acquired by
an infinite Defcent, or by fuch a centrifugal Force, and
the Velocity is fuch as would be acquired by flying
from the Centre, are employed for reprefenting them
A fimple Conftru&tion of thefe Traje&tories had been
given above, by drawing Rays from the Centre to a
Right Line given in Pofition, increafing or diminifh-
ing the Logarithms of thofe Rays always in a given

Ggg 2 Ratio,
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Ratio, and increafing or diminifhing the Angles con-
tained by them and the Perpendicular in the fame
Ratio. From any Figure of this kind a Series of
Figures is derived by determining the Interfe@ions of
the Tangents of the Figure with the Perpendiculars
from the Centre. Every Series of this kind gives
Two diftin& fort of Fluents; and any one Fluent
being given, all the other Fluents taken alternately
from it in the Series depend upon it, or are mea-
fured by it; but it does not appear, that the Fluents
of one fort can be compared with thofe of the other
fort, or with thofe of any different Scries of this
kind.

The inverfc Method is profecuted farther in the
4th Chapter, by various Theorems concerning the
Area when the Ordinate is exprefled by a Fluent, or
when the Ordinate and Bafe are both exprefled by
Fluents. The Furft is the XIth Propofition of Sir
Ifaac Newton's Treatife of Quadratures. In Are.
§19, 820, &¢. the Author fuppofes the Ordinate
and Bafe to be both expreflfed by Fluents, and thews,
in many Cafes, that the Area may be afligned by the
Frodult of Two fimple Fluents, as of Two circular
Arcs, or of acircular Arc and a Logarithm., This
Supjelt delerves to be profecuted, becaule thie Refo-
lution of Problenis is rendered more accurate and
fimple, by reducing Fluents to the Produéts of Flu-
ents already known, than by having immediately
recourfe to infinite Series.  One of the Examples in
Art. 822. may be ecafily applied for demonftrating,
that the Surmn of the Fra@lions which have Unit for
their common Numerator, and the Squares of the

Numbers 1, 2, 3, 4, 5, 6, &rc. in their natural Order,
for
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for their fucceflive Denominators, is One-fixth Part of
the Number, which exprefles the Razio of the Square
of the Periphery of a Circle to the Square of its Dia-
meter; which is deduced by Mr. Ewuler, Comment.
Petrophol. Tom. 7. ina different manner; and other
Theorems of this kind may be demonftrated from
the fame or like Principles.

The Scries that is dcduced by the ufual Methods
for computing the Arca or Fluent, converge in fome
Cafes at {o flow a Rate, as to be of little or no Ufe
without fome farther Artifice. For Example: The
Sum of the firt Thoufand Terms of Lord Brounker’s
Series for the Logarithm of 2, is deficient in the
fifth Decimal. In order therefore to render the Ac-
count of the inverfe Method more complete, the
Author thews how this may be remedied, in many
Cafes, by Theorems derived from the Mecthod of
Fluxions itfelf, which likewife ferve for approxi-
mating readily to the Values of Progreflions, and for
refolving Problems that are: commonly referred to
other Methods. Thofe Theorems had been defcribed
in the Firft Book, Art. 352, ¢¢. but the Demonfira-
tion and Examples were referred to this Place, as
requiring a good deal of Computation. The Bafe
being fuppofed equal to Unit, and its Fluxion alfo
equal to Unit, let half the Sum of the extreme Or-
dinates be reprefented by 4, the Difference of the
firft Fluxions of thefe Ordinates by 4, the Difference
of their Third, Fifth, Scventh and higher alternate
Fluxions by ¢, d, e, ¢rc. then the Area fhall be equal
to a-—é-}-i?)-zu—-%)—l—m—,@a, which is the firlt
Theorem for finding the Aica,  The reft remaining,

let
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let 2 now teprefent the middle Ordinate, and the Area
b 7¢ 31d 127¢

fhall be equal 4+2—4. —576o+ 967680—1548z8800+’ &
And this is the Theorem which the Author makes
moft Ufe of. When the feveral intermediate Ot-
dinates reprefent the Terms of a Progreflion, the
Atca is computed from their Sum, or converfely their
Sum is derived from the Area, by Theorems that eafily
flow from thefe.

Thefe general Theorems are afterwards applied for
finding the Sums of the Powers of any Terms in
Atrithmetical Progreflion, whether the Exponents of
the Powers.be Pofitive or Negative, and for finding
the Sums of their Logarithm, and thereby determin-
ing the Ratio of the Uncia of the middle Term of a
Binomial of a very high Power to the Sum of all the
Uncie. This laflt Problem was celebrated amongft
Mathematicians fome Years ago, and by endeavouring
to refolve it by the Method of Fluxions the Author
found thofe Theorems, which give the fame Con-
clufions that are derived from other Mcthods. They
are likewife applied for computing Areas ncarly from
‘a few equidiftant Ordinates, and for interpolating
the intermediate Terms of a Series, when the Na-
ture of the Figure can be determined, whofe Ordi-
nates are as the Differences of the Terms.

In the laft Chapter, the general Rules, derived
from the Method of Fluxions for the Refolution of
Problems, are defcribed and illuftrated by Examples.
After the common Theorems concerning Tangents,
the Rules for determining the greateft and leaft Or-
dinates, with the Points of contrary Flexure, and the
Precautions that are neceffary to render them accurate

and
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and general, (which were defcribed above) are again
demonftrated. Next follow the Algebraic Rules for
finding the Centre of Curvature, and determining
the Cauftics by Reflexion and Refra&ion, and the
centripetal Forces. The Conftrution of the Tra-
jeGory is given, which is defcribed by a Force that is
inverfely as the Fifth Power of the Diftance from the
Centre, becaufe this Conftru&tion requires Hyper-
bolic and Elliptic Arcs, and becaufe a remarkable
Circumftance takes place in this Cafe, (and indeed in
an Infinity of other Cafes) which could not obtain
in thofe that have been already confiru&ted by others,
viz. That a Body may continually defcend in a fpiral
Linc towards the Centre, and yet never approach {o
near to it as to delcend to a Circle of a certain Radius s
and a Body may recede for cver from the Centre,
and yet never arifc to a certain finite Altitude. The
Conftru&ion of the Cafes wherein this obtains is per-
formed by Logarithms or Hyperbolic Areas, the
Angles defcnbcd about the Centre being always pro-
portional to the Hyperbolic Se&ors, while the Di-
ftances from the Centre are dire@tly or inverfely as
the Tangents of the Hyperbola at its Vertex. The
Circle is an Afymptote to the Spiral; and this can
never be, unlefs the Veclocities requifite to carry
Bodices in Circles increafe while the Diftances decreafe,
(or decreafe while the Diftances increafe) in a higher
Proportion than the Velocity in the Trajectory ; that
is, unlefs the Force be inverfely as a higher Power
of the Diftance than the Cube. Next follow The-
orems for computing the Time of Defcent in any Arc
of a Curve, for finding the Refiltance and Denfity of
the Medium when the Trajeftory and centripetal

Force
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Force are given, and for defining the Catenaria
and Line of {wifteft Defcent in any Hypothefis of
Gravity.

Then the ufual Rules are derived from the inverfe
Method for computing the Area, the Solid generated
by it, the Arc of the Curve, and the Surface dec-
fcribed by it revolving about a given Axis. The
meridional Parts in a Sphere, and any Spheroid, are
determined with the fame Accuracy, and almoft equal
Facility. The Attra&tion of a Spheroid at the Equator,
as wcll as at the Poles, is determined in a more
gencral manncr than in the Fitft Book, or in a Piece
of the Author’s publithed at Parsis in 1740. which
obtained a Part of the Prize propofcd by the Royal
Academy of Sciences for that Year. Several Mccha-
nical Problems are refolved, concerning the Propor-
tion the Power ought to bear to the Weight, that the
Engine may produce the greateft Effe in a given
Time; and concerning the moft advantageous Pofi-
tion of a Plane which moves parallel to itfelf, thata
Stream of Air or Water may impel it with the greateft
Force, having regard to the Velocity which the Plane
may have already acquired. On this Occafion, it is
fhewn, that the Wind ought to ftrike the Sails of a
Wind-mill in a greater Angle than that of 54° 44/,
againft what has been deduced from the fame Prin-
ciplesby alearned Author. Thef{ame Theoryisapplied
to the Motion of Ships, abftragting from the Lee-way,
but having regard to the Velocity of the Ships and
among(t other Conclufions it appears, that the Velocity
of a Veffel of one Sail may be greater with a Side-wind,
than when fhe fails direély before the Wind 5 which,
perhaps, may be the Cafe of thofe fecn by Captain

Dampier
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Dampier in the Ladrone Iflands, that failed at the
Rate of 12 Miles in half an Hour with a Side-wind.

The Remainder of this Chapter is employed in
reducing Equations from fecond to fitk Fluxions ;
conftructing the elaftic Curve by the Reétification of
the equilateral Hyperbolas determining the Vibra-
tions of Mufical Chords; refolving Problems con-
cerning the Maxima and Minima, that are propofed
with Limitations, relating to the Perimeter of the
Figure, its Arca, the Solid generated by this Area, ére.
with Examples of this kind concerning the Solid of
lealt Refiftance ;5 and concludes with an Inftance of
the Theorems by which the Value of the Ordinate
may be determined from the Value of the Area, by
common Algebra, and by obferving, that it is not
abfolute, but relative Space and Motion, that is {up-
pofed in the Mecthod of Fluxions.
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